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Chapter 1

Introduction

This is the final report of a study on the linear resonance of mobile gates for Venice
Inlets. It expands and replaces the interim report (No. VI)! submitted on June 6, 2004.
The overall objective is to calculate and predict the response of gates under normally
incident waves from the Adriatic. In earlier studies the gates are assumed to span the
full width of an infinitely long channel. The natural modes of the oscillating gates can
only be excited nonlinearly through a subharmonic resonance. The real geometry of the
three inlets is however quite different, since long jetties are present only on the sea side
and the lagoon side is quite open. The inlet is better modeled by a long channel only
on the Adriatic side, and open water on the lagoon side. Because of this asymmetry,
trapping of the natural modes is no longer perfect; a window now exists for energy
exchange with the distant sea. Excitation of a nearly trapped mode by incident waves
of the same frequency is possible via a linear mechanism. The goal of the project is
to calculate the single-frequency response for a wide range of frequencies, in order to
provide the basis for predicting the mean square response to random incident waves
described by JONSWAP spectrum, for example.

In Report IV by Adamo & Mei (2003), an analytical theory is described for an
inlet with a straight barrier of 20 gates dividing the inlet channel and the open lagoon.
For analytical convenience all gates are assumed to be vertical and of rectangular cross

section. In the response/frequency diagram, all resonance peaks are quite narrow. Since

'Due to numbering errors there are no reports No. III and No. V.



the actual gates will be inclined and of non-simple cross section, the next step is to
develop an effective numerical scheme. In this report we describe the basics of the
hybrid finite elements method (HFEM), where the far field of the gates is described by
analytical series expansions, while the near field surrounding the gates is approximated
by discrete finite elements. The principles of this hybrid analytical and discrete analysis
is reported here. For the purpose of checking the correctness and numerical accuracy of
the mixed method, the associated computer code is first modified for the simple case of
vertical gates. Sample computations of gate responses for a wide range of frequencies
are then compared with the results in Report IV based on an analytical theory. For
this reason, the hybrid element analysis is explained first for the vertical gates. Full
implementation of the hybrid method for inclined gates with the design cross sections is
finally described. The energy conservation theorem is used to check the overall accuracy.
Numerical results for a 7-gate configuration are compared with the measurements at
Voltaborrozo for a 1-to-30 model. Sample computations for Chioggia gates with 20
gates are presented. Computer programs for all four inlets with different water-level
differences and user’s manual are presented in Appendices.

In order to ensure safe and reliable operations, further research on the combined
effects of random waves and nonlinear mechanism of subharmonic resonance is needed.

Future direction are outlined in the conclusions.



Chapter 2
Mathematical formulation

We assume the fluid to be inviscid and the flow irrotational, and the amplitudes of gates
and waves are infinitesimal, so that all boundary conditions can be linearized. The
entire fluid domain consists of two parts. One is in the rectangular channel on the sea
side (Adriatic) and the other is the open water on the lagoon side. These two parts are
separated by the gates at the junction.

For the inclined gates, it is advantageous to use the symmetry about the center axis
and study only half of the fluid domain, see Figure 2.1.

In the channel on the sea side, we have the incident (®7), reflected (®%#) and radiated
wave potentials. The radiation potential on the sea side is denoted by &~ distinguished
by the superscript —. The diffraction problem (®P = ®! + ®%) due to the incident
towards and reflected from the fixed gate in the rectangular channel is two-dimensional
since we consider only normally incident wave. The radiation problems due to the
motion of the gate elements are 3-dimensional. In the open water on the lagoon side,
there is only radiated wave denoted by ®7.

Let us use the lower case ¢ to denote the spatial component of all potentials &, i.e.

O(x,y,2,t) =R (cp(x,y, z)e_i“t) (2.1)

The governing equations are summarized below:
(1) Diffraction Potential on the sea side : The diffraction problem is governed by
2-D Laplace equation
et 92 =0 (2:2)

8
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Figure 2.1: Schematic plan

where P = ol + o' with boundary conditions

a D
gin =0 (2.3)

on the wall and the bottom of the channel and fixed gates surface,

890D_W_2 D _

p— 2-4
P J 0, 2z=0 (2.4)

on the free surface. In addition the Sommerfeld radiation condition must be satisfied
by the reflected wave f at the far end of the channel z ~ —o0.

(2) Radiation Potentials on two sides: For N gates across the channel, the barrier
has N degrees of freedom. As is common in floating-body dynamics, it is convenient to

decompose the radiation problems as follows:
= Vady, (2.5)

where 1, is the unknown angular displacement of gate o with o = 1,..., N. Then ¢=
represents the radiation potential due to unit-amplitude motion of gate « alone and is

governed by 3-D Laplace equation
2.4 o+ + + _
v ¢a  Vaxx + ¢yy + ¢zz - O (26)

9



with boundary conditions

0ot
on

=0, on channel walls, coast lines and sea bed. (2.7)

Moreover, if o denotes the moving gate with all other gates fixed, then we have, on the

gate surfaces,

095 _
an 0, B#a (2.8)
and
Dot :
o —iw{—[ng(z — X) —n1(z — Z)]}, on gate « only. (2.9)

where (X, Z) is the center of the gate rotation. In this study the axis is located at
X =0,Z = —h. Let the profile of the gate surface be denoted by z = f(z) , then the

unit normal vector n pointing into the body is

n= (nla nS) = (_fxa 1)[1 + (f:c)2]_1/2

On the free surface z = 0, we have
e | (2.10)

Finally ¢ must satisfy the Sommerfeld radiation condition and be outgoing in the far
field.

The basic steps of the hybrid element method (Chen and Mei, 1974; Yue and Mei,
1980; Mei, 1989) involve the following:

1. Divide both sides into near and far-fields. In the near field the geometry can be
complex. In the far field the depth is constant. The lateral boundaries are straight

and vertical.

2. Express the far-field potentials analytically by eigenfunction expansions with un-

known coefficients.

3. Develop variational principles to replace the partial differential equations for the
near field, subject to the requirements of continuity of pressure and flux at the

borders.
4. Discretize the near field into finite elements, with nodal unknowns.

10



5. By extremization, get a matrix equation for all the unknown coefficients.

6. Solve the matrix equation, hence the radiation potentials for unit displacement.
7. Solve the dynamical equation of all gates to get the gate displacements.

8. The total potential can now be computed to get wave forces, etc.

On the channel side the geometry is best treated in Cartesian coordinates; the border
between the near and far fields is a vertical plane. On the lagoon side polar coordinates
are more appropriate; the border is a vertical surface of semi circular plan form.

In this way costly discretization is limited to the near field. We first explain the far

field solutions.

11



Chapter 3

Series solutions in the far field

3.1 The diffraction problem on the sea side

For normal incidence the diffraction problem is two dimensional.

PP ="+ " (3.1.1)

where
; igAcoshk(z+h) ..
= — 1.2
14 w cosh kh © (3.1.2)

is the normally incident wave. Due to the stationary presence of the stationary gates,

the total ! in the far field consists of outward-propagating and evanescent modes
't = —% {aofo( e~k 4 Z o fon (2 1‘} (3.1.3)
where ky and k,, are the real roots of
w? = gkotanh koh, — w?= gk, tank,h, m=1,2,3, ... (3.1.4)
and
V2 cosh ko(z + h) _ V2coskn(z+h)

bt (gl sk T b= (g/w?) sin® Bh

are orthonormal eigenfunctions in [—h,0]. The complex coefficients ay and a,, are un-

(3.1.5)

known. Two dimensional finite-element discretization and variational principles will be

discussed later.

12
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3.2 The 3D normalized radiation potentials on the

sea side

On the sea side, we shall write ¢~ for ¢_ for brevity, and assume

¢~ (z,y,2) = X(2)Y (y)Z(2)

we get after substituting (3.2.1) into the Laplace equation,
X// Z// Y//
202 01
X + Z + Y

The eigen function in y is
mmy
a

Y., = cos

so that the boundary conditions on the inlet jetties

% =0, y=—a and a
can be satisfied. Then (3.2.2) becomes

X// Z// Y// mir 9

xtz= v =)

The eigenfunction in z is

Z, = cosh [k, (z + h)]

13
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so that the boundary condition

0

can be satisfied. Substituting Eqn(3.2.6) into the free surface boundary condition

- 2
aaiz - %w =0 at z=0 (3.2.8)

we get the dispersion relation

w? = gktanh kh, (3.2.9)

There are infinitely many solutions for k. Among the discrete roots kg is real and positive
and corresponds to propagating modes. For n = 1,2,3, ..., k, = ik, are the positive

imaginary roots, or,
k, = ik,, w?=—gk,tank,h, n=1,2,3, .. (3.2.10)

and correspond to the evanescent modes. From the Laplace equation we get

X" mm\2 Z" mm\ 2
il (e R e R e 3.2.11
X ( a ) 7Z < a > " mn ( )
It follows that the eigen function in x is of the generic form
X = e tamn® (3.2.12)
where
2
Qo = 1/ K2 — (T> (3.2.13)
a
For n = 0, there can in general be M real a,,o’s for m = 0,1,2,...M. For m > M, we
have
Qom = Z.@Om
so that

X — eo_lmo z

representing evanescent modes. For n > 0,

A = 10pm = 4/ k2 + (—)?

14



are all imaginary, so that

X — e&mnx

are evanescent modes. The radiation potential is formally,

¢ =D > Appe " cos m;ry cosh [k, (z + h)] (3.2.14)

m=0n=0
For vertical gates, this series solution is valid in the entire channel due to the simple
geometry. Therefore, the coefficients A,,, will be determined by satisfying directly the
boundary condition at gate surface (z = 0). For inclined gates, the above solution is

only valid and useful in the far field!.

3.3 The lagoon side

On the lagoon side only the radiation potentials matter. We consider first the vertical

gates and then the inclined gates.

3.3.1 Vertical gates and local coordinates

The analysis for vertical gates is simpler since all stationary gates can be regarded as
parts of the coastline. The radiation problem for ¢ is formally the same for all o except
for a shift of origin. It is sufficient to consider the local coordinate system where the x
axis is along the center line of the moving gate as shown in Figure 3.2. In term of the

global Cartesian coordinates (z,y), the local polar coordinates are:

y—Ya

To = \/x2 + (y—Y,)?, tanf, = (3.3.1)

x
and (0, Y,,) refers to the center of gate o. In this section the subscript a will be suppressed
for brevity.

After separating the time factor e 7! from ® = Re {¢Te ™!}, the radiation poten-

tial on the lagoon side ¢ satisfies the Laplace equation in local polar coordinates

10 [ 0¢t) 18%*° Pt
W(TW) 2o T 0 (3:3.2)

Later in the numerical method we shall take advantage of the symmetry with respect to the cen-
terline (z axis) and only use half of the channel in 0 < y < a. The same solution is still valid in the far

field.

15



Figure 3.2: Local coordinate system for vertical gates

Separation of variables gives
¢*(r.0,2) = R(r)O(0)Z(2)

Upon substituting (3.3.3) into (3.3.2), we get
R// 1R/ 1 @// Z//

Rtrrtee 77!

The eigen function in z is

Z, = cosh [k, (z + h)]

subject to the dispersion relation

w? = kygtanh k,h, n=0,1,2,3,.

(3.3.3)

(3.3.4)

(3.3.5)

(3.3.6)

with ko = real, k, = ik,, with k, = real. Symmetry of our problem requires no velocity

across the center plane, i.e.

oot
=—=0 t =0
Ug 90 a
Furthermore, no flux along the banks ¢ = +7 requires

0¢ s
—_— = - j:—
0 0 at 6 5

16
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These boundary conditions lead to the eigen functions in 6,
O,, =cos2mb, m=1,23,...,--- (3.3.8)
From (3.3.4) the radial eigenfunction is governed by Bessel’s equation
R’ +rR + (K2r* — (2m)>)R =0 (3.3.9)
For n = 0, the general solution is

Ruo(r) = BroHy (kor) + Blyo Hm (Kor) (3.3.10)

where Héi,z, 2(3,2 are the Hankel functions of the first and second kind. As the argument

|z| — oo, they behave asymptotically as

2 . =
2 ptome ), HEo) ~
™ T

ie—i(x— mmr—7)

H) () ~

Imposing the radiation condition, only outgoing waves are permitted at r — oo. Only
Hz(i,z(kor) can be kept.

For imaginary roots, k, = ik,, n = 1,2,3..., Eqn (3.3.9) can be written as
PR’ 4R — [E2r® + (2m)’| R =0 (3.3.11)
The general solution is
Riin(r) = Bundom (kur) + Bl Ko (knt) (3.3.12)

where I,,, Ks,, are the modified Hankel function of the first and second kind. As the
argument r — 00,

L (z) — 00;  Kop(xz) — 0

Boundedness at » — oo excludes Iy, from our solution. The admissible eigenfunctions

are proportional to

Ko (Rur) = 8" HY,) (iFr)
Finally the potential in the far field on the sea side can be written as,
¢ =" By, cos2mb cosh [k, (z + h)] HY (keor) (3.3.13)
m=0n=0

17



We emphasize that the above results are to be interpreted finally in terms of the

global coordinates, i.e., we must replace for each potential ¢ :

P e =12+ (Y- Ya)2 00, (3.3.14)
where
-Y
tanf, = Y " a (3.3.15)

and (0,Y,) refers to the center of gate o. Thus,

ot =33 B cos 2mb, cosh [k, (z + h)] Hsp) (knra) (3.3.16)

n
m=0n=0

3.3.2 Inclined gates and global coordinates

For inclined gates, we cannot use the local coordinates and must use the global coordi-
nates where the origin is at the center of the vertical plane flush with the junction line
(the lagoon coast). The far field solution for « is therefore given by
oF = i i B cos 2mé cosh [k, (z + h)] HSY (k,r) (3.3.17)
m=0n=0

For computational economy in the later method of HFEM, we shall use half of the
fluid domain as shown in Figure 3.3. Eq. (3.3.17) of course still applies.

In the Hybrid Finite Element Method (HFEM), the coefficients B(®) will be deter-
mined by matching with the near field solution, where discrete finite elements cover all of
the inclined gates. For large order but finite argument, Hankel functions of the first kind
become very large. For example, H3'(0.3) = 9.7978 x 10'5 — 1.1658 x 1033 To avoid
numerical difficulty we shall use Hé:,z(knrc) to normalize the Hankel eigenfunctions in
r, where r¢ is the radius of the semi circle separating the near and far fields. Similarly
we use cosh(k,h) to normalize the eigenfunctions in z. Introducing new coefficient /(%)

mn?

we can rewrite (3.3.17) as

. & cosh [kn(z + h)] HY) (kur)
oL = y},;”,{ cos 2mb 3.3.18
mz::o nz;; cosh(k,h) Hg(ii(knrc) ( )
with

(a) V,S%Z

™ cosh(kyh)HY) (kore)

18



Figure 3.3: Global coordinate system for inclined gates
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Chapter 4

Hybrid Finite Element Method

4.1 Variational principles and HFEM

We shall first derive the variational principle for our Hybrid Finite Element Method
(HFEM) from the governing equations for a radiation problem. To facilitate under-
standing of the mathematics we shall also reverse the reasoning and start from the
variational principle then prove its equivalence to the boundary value problem. Since
the mathematical procedure is the same for the sea side and the lagoon side, we use a

generic ¢ without superscripts to represent either ¢~ or ¢ in this section.

4.1.1 From BVP to Variational principle

We shall employ Galerkin’s method to derive the variational principle directly from the
boundary value problem. Let us first divide the fluid domain into the near and far fields,
V and V, separated by a vertical surface C'. The corresponding potentials are ¢ and
é respectively. These potentials must satisfy Laplace equation and all the boundary
conditions in their own domains; they and their normal derivatives must be continuous
across C'. The far-field potential ¢ must also obey the radiation condition at infinity.
According to Galerkin’s method, we require that for any approximate solutions ¢ € V'

andggef/',
2 . 8¢ w? 8¢
/Vv¢5¢dv _ /SF <a_n_?¢>5¢ds+/33 <8—n—un>5¢ds+

20



op 0o
/C <% - %> 56dS (4.1.1)

for any weight functions d¢ and ¢, which vary within the same solution space as ¢ and
¢. Sp and Sy are the parts of the barrier and free surface inside V.

On the left-hand side, integrating by part gives
[ vRosoav = [ [v- (66V ) — / v¢-v5¢} av
1% 1%

_ / (66V ) - idS — / 5(Vp)2dV
/ 562%as — 5/ (Vo)2dV
Sp+Sp+B+C  On
where use is made of Gauss’ divergence theorem. With this result (4.1.1) can be rewritten
as
1 2 i,
—5/V 5 (Vo) =i [ 3 g¢ a5 —5 | UdS - / 95505 (4.1.2)

We shall now rewrite the last term in the form of a first variation

5 [0)

_ /C 8_n§¢d5_ -5 / 90 45 + / 85¢¢d5 (4.1.3)

To proceed further we add two integrals which are zero in view of the continuity condi-

Note first that

tions and the radiation condition at inﬁnity,

0% 95
[ So60dS = —o / 99 4ds + / 99? 4ds

/ (¢ — ¢)85¢d5+ : / <5¢ %5¢> ds (4.1.4)

In particular the first added integral vanishes because of continuity of pressure. To show
that the second vanishes we use the fact that both ¢ and 5(& satisfy Laplace’s equation

and the same boundary conditions. By Green’s formula,

2/<¢——¢@>ds+%/c (¢@—¢@>dszo

The integral along C', vanishes by virtue of the radiation condition, hence the integral

along C' also vanishes.

21



After some cancelations and combinations, the preceding equation (4.1.4) becomes

—5/ —¢ds+2/ <5¢—+¢@>ds_—5/ ¢dS+ 5/ 3¢
:5/0 <§Q~S—¢) %db’ (4.1.5)

Finally by using (4.1.3) (4.1.4)(4.1.5) in (4.1.2) we rewrite the Galerkin formula as

a variational principle

SF(6,4) =0, (4.1.6)

where

F(6,) = /V %(w)%ﬂ/— 5 —<;S2dS / Uy pdS + / (——¢> % s (4.1.7)

4.1.2 From variational principle to BVP

Alternatively, it can be proven that the boundary-value problem defined by (Egs. (2.6)
0 (2.10) is the result of the stationarity of the functional defined in (4.1.7).
The first variation of (4.1.7) is

5F — /v¢v5¢dv / —gbégde / u5¢ds+/ K——&b) 9% <§—¢> %‘Sﬂ ds

Integrating by parts, the first term on the right-hand side gives

/ Vo VésdV = / [V (66V¢) — 66V7¢] aV
\%4 1%

- /S 66V ) - idS — / S6V2pdV
¢8¢ds / 56V 2pdV

/SB—I-SF+B+C

where Gauss’ divergence theorem is used. Collecting the terms according to the inte-

gration domains, we get

§F = —/ v2¢5¢dv+/ (— . —qb) 56dS

+ /S (%—UN>6¢CZS+/5¢—
0 0 06
R L A

22



After some rearrangement, the last integral can be written as

/C@_i—a—i)wdSJr/ (6—0 8¢d5+2/<¢——¢@>

Since ¢ and ¢ are harmonic in the outer region, we can replace the integral domain C'
with C + Sw + Sg + B by Green’s theorem. Finally this integral goes to zero due to
the radiation condition at infinity and boundary conditions on the wall Sy (a_z =0),

the bottom B (g—i = () and the free surface Sp (g—i = %QQE) Thus the solution to the

boundary value problem is equivalent to the stationary of the functional (4.1.7).

4.1.3 The procedure of Hybrid Finite Element Method (HFEM)

When trial functions are introduced to approximate the exact solution, unknown coef-
ficients appear in the functional. Application of Rayleigh-Ritz procedure to minimize
the functional leads to algebraic equations for these unknown coefficients, which will be

solved numerically. For convenience, we first label various integrals in (4.1.7) as follows

I 12 -[3 Iy -[5
/_/_\

¢ 90

dS+/ ¢8¢d5+/ “UpbdS (4.1.8)
c20n " o

/—/%
F= / v¢2dv+/ ¢dS+

U, is the normal velocity of the gate for unit amplitude of angular displacement. The

scheme of HFEM is as follows:

1. Discretize the near field of the gate with finite elements. Introduce an interpolation
function for each element to approximate the exact solution ¢, with unknown nodal

potentials QE

2. Represent the far-field ¢ by eigenfunction expansions and treat series coefficients

v as unknowns.
3. Combine the solutions from (1) and (2) into Eq.(4.1.7) and evaluate the integrals.

4. Extremize the functional and get algebraic equations for qg, v. Solve the algebraic

equations.
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Figure 4.1: 20-node isoparametric cube element

In principle the imaginary boundary C' can be chosen arbitrarily as long as it encloses
the complex geometry. We naturally choose a | semicircle (refer to Figure 3.3.1) for
convenience.

The theory described so far applies equally for both two and three dimensional

problems.

4.2 3-D FEM discretization

4.2.1 General cubic element

For 3-D problems, we employ 20-node isoparametric cube elements as shown in Figure
4.1. For each element, the global coordinates (x,y, z) are related to local coordinates

(&,1m,C) by the interpolation functions h;(&,n, () in the following way:

20 20 20
x =Y hi(&n. Qris y =D hil(&n, Quis 2= D hi(€,m, Q)2 (4.2.9)
=1 i=1 i=1

where (x;, y;, z;) are the global coordinates of the nodes and the interpolation functions

are defined as follows (refer to Figure 4.1):
1 :
hi = g(l + &GO+ nm) (L + GOGE+nm+ ¢ —2), i=1~8

he= 31 =) mn)(1 460, i=9~12
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he= 21— D)1+ 61 +GC), =13~ 16;

4
1

hi==-(1—=C)(1+ &) +mm), i=17~ 20;

4
with

&, mi, G ==l

Similarly, the potential within the element is related to the nodal potential ¢; in the

same way:

20
¢<x(57777C)7 y(ﬁﬂ%()’ Z(&??,C)) = Z h’l (57 777 C)¢Z
=1

In matrix form,

o= | hy hy
0] 0]
2 _ (9P 9Py
(Vo) = (37 + (5
By chain rule,
02 oz
¢ €
0 | = | oz
on on
0 oz
ac aC

For a proper isoparametric element,

does not vanish

and its inverse J~! exists. Therefore

9¢

ox

[o10) _ 71
o =J
9%

0z

b1
b2 )
| P20 |
9¢
ox
AL P ¢ 0P O¢ el
(527 = { % 2o 8_} 2 (4.2.11)
9¢
0z
9y 0z 9 9
o¢ o€ 0z Oz
w o || o |—3] 2
on  On dy dy
9y 0z 9 9
¢ ¢ 0z 0z

the Jacobian determinant of the transformation

oz By oz
9 ¢ OE
det(J) = g—f] g—z g—f] #0
oz 9y oz
¢ a¢c  ac
9¢
o€ H
ap | _ 7-1 I _Ra
o =J H, |¢=B¢
99
3 H
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where use is made of (4.2.10) and “¢ ” denotes “a%” and so on. The B matrix is defined

as
hl,& h27§ T hzo,g
B=J" hiy hown -+ haoy
hl,c h2,< T hzo,g
where
1 .
hig = gfi(%iﬁ +nm+GC—1D(A+nm)(1+GC), i=1~8;
1 .
hi7£:—§f(1+77i77)(1+@§), 1=9~12;
1
hig = 761 = ) (14 ¢C), i=13~ 16;
1
hie = Z&(l — ) (1 +nm), i=17~20;
1 .
iy = gm@mn +&GE+HGC—1)(1+ &M +GE), i=1~8;
1 .
hig = (1= &)1 +GQ), i=9~12;
1 .
hig = _§W(1+§if)(1+@07 i =13 ~ 16;
1
hig = 71 = )1+ &), i =17~ 20;
1 .
hic = gQ(QQC +&E+nm— 1)1+ &S +min), i=1~8;
1 .
hic = ZQ(l — (1 +nm), i=9~ 12
1
hic = 7G(1 = ) (14 &E), i=13 ~ 16;
1 .
hi¢c = —§C(1+§z’€)(1+77m), i =17 ~ 20;
with

&, M, G ==*1

The Jacobi for each element can be obtained by making use of (4.2.9)

rr Y 2
hie hog -+ haog
T2 Y2 22
J = hiy hay -+ haoy
hic hog -++ haog
| 20 Y20 <20 |
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Figure 4.2: Degenerate prism element

4.2.2 Degenerate prism element

For better fit to the inclined gate surface, we use another kind of 3-D element, degenerate
prism element, as shown in Figure 4.2. Later on we will see that just one layer of this
kind of elements on the inclined surface is needed between the general cubic elements in
the interior and the gate surface. For prism elements, we simply let the local nodes 5,
9 and 1 overlap each other, i.e., local nodes 5, 9 and 1 has the same global coordinates.
This also happens on nodes 7, 11 and 3, as well as nodes 15 and 13. In this way we can
just treat prisms as the general cube elements; all the formula in the last section still

hold. No extra work is needed.

4.3 Evaluation of integrals in the functional

With these preparations, we now evaluate each integral in the functional 4.1.8 explicitly.

All the coordinates are local. Again the subscripts « are omitted for brevity.

4.3.1 Integrals on the lagoon side

For vertical gates, we use local polar coordinates with the origin at the center of the

gate a. imaginary boundary C' is chosen to be r = rgo = g also centered at the origin
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(Figure 3.2). Thus

do+ gt WX cosh [k, (z + h)] Hz(ir)bl(k:nr)
- =7 = Vinn €COS 2m# n
on or mz::o nz::() cosh(k,h) Hg(ii(knrc)

The integral on C' can be easily evaluated in the cylindrical coordinate system. They
are given as follows.
1) L

For an element V¢,

+ el T el [ el
Jworpavt={g}" [ BrBave{g) = {5} ) {)
where [K1]% is element stiffness matrix. For evaluating [K] we turn to the isopara-

metric element from the physical element

+1 41 ,+1
T el T
BBV _/_1 /_1 /_1 BT Bdet(J)dedndC

Vel
Then the standard Gaussian integration is applied.

After assemblage and redefining {q@*} as the global nodal potential vector, we get

1.~ T ~ *
_ + -
=107} ] {o"}
2) I,
For an element with one face on the free surface, say ( =1,

/S el—%WzdS? {o%} / " / B HTHdet( )Lzl dedn {67}

where [K. 2]6l is element stiffness matrix. For the surface integral, our 20-node isoparamet-
ric cubic elements will degenerate to 8-node isoparametric plane elements. In general,

the Jacobian of transformation for 3D global face (z,y, z) to 2D local face (£, n) is

det(J) = |6X(g’€y’z) « aX(;%y’Z)
_ (v _oyow\' (oy0z 9z0y\" (020w dwds\ L%
o€ Oy OE On Ot dn 0 On g on  0¢ On

The interpolation functions for the 2D element in Figure 4.3.1 are defined as follows:

1
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Figure 4.3: 8-node isoparametric plane element

1
hi=S(1=€)(1+mm), i=26

where
&, mi = *£1
Therefore,
hie = 6L+ nm)(26E + ), i=1,3,5.7
hie =&(1+nm), i=2,6;
hie = %gi(l —n%), i=4,8;
and

1 )
hiy = Zﬂi(l +&8)(2nin + &€), i=1,3,5,T;
1
him = 5mi(1 = &%), i=2,6;
hig=n14+&E), i=4,8;

After assemblage and using the global qg, we get

1 -\T A+
L= {0} Kl {o"}
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Aot 0 5 M N cosh [k, (z + h)] HSY (kyre)
qb*—dS = dz |~ rcdf Vg COS 2p0 k p_ 4
J Ltz et 2 v o2 ey e
MY cosh [k, (z + h)] H. )l(k: re)
Uy COS 2B 2m k,
{mzz ol (k) ()
_ % ivj % i\f: 7¢knVpgVmn 2m (kan)
20 = o= i cosh(kgh) cosh(k,h) HY (k,re)
/i cos 2pf cos 2m9d9/ cosh [ky(z + h)] cosh [k, (2 + h)] dz

_ % i V2 7T"AC']'{:nC’n H2m (knTC’)
= = e cosh? (K h) HQ(ir)L(kTLTC)

where €, is the Jacobi symbol,

=1, en=2 m=1273... (4.3.13)
and C), is defined by
0 1 1.
C, = /h cosh|k,(z 4+ h)| coshlk,(z + h)]dz = ﬁ(qn + 5 sinh 2¢,,) (4.3.14)

and ¢, = k,h. Use has been made of the orthogonality of the eigen functions. Derivatives

of Hankel function are calculated by
, 1
H, = i(Hv—l - HV—i-l)

If we define an unknown column coefficient vector

T
{V}: Yoo Vio - Vmo- VYor Vi1 v Vnpato occcf VN VIN o VMN
(M+1)x(N+1)

then the integral can be written in matrix form
- a¢~+ o
t——dS = K3 {r
o+ Sds = {}" [Ke] {9}
where K3 is a diagonal and

mrck,Ch Hz(g(knrc)
€m cosh? (k,h) Hg(ir)b(k‘nrc)

[K3]j,j =

where

j=M+1)xn+m+1
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Therefore
1 . .
Iy = o {i}" (K] {i}

4) I,
With one face of the element on C| say n = 1,
e +1 p+1 R
5+ 92 qoa — / / [HOMjdet(3)] _ dedg
cel on 1 Ja n=1

. +1 41
= {5V / / [H™Mdet(J)| _ ded¢ {o}
-1 J-1 n=1
~NT e R
= {0} (K" {7}
where [K4]? is element stiffness matrix and M is a row vector with

kn

1)} cosh [k,,(z + h)] Hz(i,z/(k:nrc)

M (314 1) stme1 = €O |2 _1(
(M+1)xn+m+1 COS[ 1M cos cosh(k,h) Hé;i(k:nrc)

rc

Keep it in mind that the whole integrand will be evaluated at n = 1. The x and z are
about to be replaced by (&, 7, () through (4.2.9) and det(J) is obtained from (4.3.12) by
replacing n with (. Therefore

~ T R
Ii=—{¢t} [Ki{}
5) I
For an element with one face at gate, say £ =1,

/S , U, 3 S = /_ +11 /_ +11 U Hdet(D)]_, dnd¢ {3+} = (K5 {57} (4.3.15)

where U, is to be defined later. [K5]? is element stiffness matrix. After assemblage we

get
I = — [K53] {4}

4.3.2 Integrals on the sea side — the 3-D radiation problem

We now switch to the global coordinates and use (3.2.14) as the outer solution, which

can be rewritten as

~ St oo .
¢~ =D > fpne ™" cos

m=0n=0

mmy cosh [k, (z + h)]
a cosh k,,h

(4.3.16)
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Figure 4.4: Sea side HFEM

with
an
Amn = 17 I
cosh(k,h)

It is natural to choose a vertical rectangle C' as the imaginary boundary (see Figure
4.3.2). Note that x = z¢ on this boundary and the normal is in the negative direction

of the x axis. Therefore we have

8¢~— B 8¢~— B MoN iz mmy cosh [k, (z + h)] .
on  or n;m;)“m"e o8 a cosh k, h (Cmn

The integrals of I; and I, in (4.1.8) take the same form as those on the lagoon side. We
need however to calculate I3, I, and I5.

1) I

- 0p 0 a MY iapgwe .. Py cosh [ky(z + h)]
/Cgb %dS B /_ dz/o dy{ZZupqe R cosh k,h

h p=0=0
Mo Ciammae .. My cosh [k, (z +h)]
{mz::o ,;) Hmn € 5 cosh k,h mmn}
ST e
770 o=0 m=0 1m0 cosh(k,h) cosh(ky,h)
cos ]% cos m;Tydy /Oh cosh [k,(z + h)] cosh [k, (z + h)] dz

I
n
"™ cosh?(kph)  €m
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where €, and C,, are defined in (4.3.13) and (4.3.14). Use has been made of the orthog-
onality of the eigen functions. Let us define an unknown column coefficient vector

~ . . . T
{i} = Moo Hio -+ Hmo- Hor Hir - K1 occcc Hon ANt HMN (M4+1)x(N41)

then the integral can be written in matrix form

[ %5 — 4y () ()

where K3 is diagonal .
7:0[ e~ 1OmnTC a
K], = — —C,
Kl cosh®(knh)  €m

with
j=M+1)xn+m+1
Therefore
Iy =5 (" 155) (4}
2) Iy

With one face of the element on C, say n = 1,

8¢~ ol +1 p+1 R .
/cez¢ on e = /_ L) [HaﬁMudet(J)Lzl dede
~ T +1 41 . )
_ {cb } /_1 /_1 [H Mdet(J)Lzldgdg{u}
- T € ~
= {o} K
where [K4]? is element stiffness matrix and M is a row vector with

mmy cosh [k, (z + h)] .
a cosh k, h (Cmn

M (p41)xntme1 = €4 co

The integrand is evaluated on n = 1. We switch from the global coordinates x and
z to local coordinates (&, 7, () through the relation (4.2.9). The determinant det(J) is
obtained from (4.3.12) by replacing n with (. Therefore

L=—{¢V K {n}
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For an element with one face at gate, say £ =1,
/ U dSE = / - / U HAet(3)] dnd¢ {6} = (K5 {4~}
s¢t " S " &=t °

where U, is to be defined later. [K5]? is element stiffness matrix. After assemblage we
get

Is = — [K5] {Qg_}
4.3.3 Minimization and solving linear system equations

On either side of the barrier, the functional is of the same form. For the sea side it reads

Foi) = {5 ) {6} + 5 {6 ) 1l {6} + i ) i
oV ) ) - 155 {67) (4.3.17)
For the lagoon side, the stationary functional is
For0) = {6} 1Ko} + 5 {6 {6} + 37 K 49
o+ K] () — 1K) {6 (4.3.18)

We take the generic form and equate to zero the first derivative with respect to

unknowns ¢; and p; (or v;), and get,
(K1) {6} + [Ka] { &} — [Ka] {in} = [K5)" (4.3.19)

(K] {1} — (K" {o} = 0 (4.3.20)

From here on, we have two ways to solve the linear system of equations:

1. Method 1:

Equation (4.4.40) gives
{in} = [Ks) 7 [K)" {QE} (4.3.21)
Substituting it into (4.4.39), we get
(1K) + K] — [Ka] [Ks] 7 [T} {o} = [K5]"
and {(Z;} is obtained. Substituting {(ﬁ} back into (4.4.41) to get {/i}.

34



K1+K2 _K4 $ K—g
_xT K 0 0
K4 3. . [ 2
AN 7 \\ / N/

Figure 4.5: The linear system of equations after assemblage

2. Method 2:

Assemble all the matrix on the LHS into one matrix as well as the RHS. See Figure
4.5 for detail. Then we can solve the new linear system equations to get both {(ﬁ}

and {1} (or {r}) simultaneously.

Then the velocity potential is known in both the finite element domain and the super
element, i.e., the fluid region outside the imaginary boundary C'. As the computation
scale increases, we try to take the advantage of sparse matrix and use the external linear
system equations solver to save memory and CPU time. The second method is adopted
so that we need solve the equations only once, instead of manipulations of several matrix

as in the first method.

4.4 2-D diffraction on the sea side

In the diffraction problem, the gates are stationary (see Figure 4.6). For normally
incident, long-crested waves, the dynamics of water is two dimensional. For vertical
gates the reflected wave is trivial; for inclined gates the reflected waves must be found

numerically. Details are given here for the sake of completeness.
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Figure 4.6: Schematic plan for diffraction problem

4.4.1 Variational principle

We let the known incident wave ®! be
. —igAcosh [ko(z + h)| iw i
(I)I — pl pmiwt tg ikox —iwt 4.4.22
v w cosh(koh) o ( )
where A is the incident wave amplitude, and the unknown reflected wave potential in

the near field be

PR = ple it (4.4.23)
The total diffraction potential P (z, z) = ! + pf satisfies the conditions (2.2 ~ 2.4).
The reflected wave must satisfy the radiation condition. Similar to §3.1.2, it can be

proven that diffraction boundary-value problem is equivalent to the stationarity of the

following functional

D ~ . 1 D\2 . w_z D2 SE_R_ R%_SE_Ra_(‘OI
Fle”, ¢ )—/V2(W )7V 5 29 (90 ) dS*/c[( 9 ¥ )8n 2 an]ds
(4.4.24)

where ¢ = @®+¢! is the total potential within the finite element domain and @ = @F ¢!
is the total potential of the outer domain; @ is the reduced 2D solution from the eigen

function expansion (3.2.14), i.e.

B ik pcosh [k, (z 4+ h)]
_ e tn 4.4.25
r nzz‘;'u © cosh k, h ( )

where kg is the real root and k,’s with n = 1,2,3, ... are the imaginary roots of the

dispersion relation (3.2.9).
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Note that

/¢8¢¢9
is a constant and drops out upon extremization, (4.4.24) can be rewritten as
I I
F o= A;RV¢5%V+‘%—§— ?) /“ﬁawds+/—-

+/¢ S+/ (4.4.26)

4.4.2 2-D Finite element formulation

In the finite element region, standard 3-node elements with piece-wise linear potentials

are defined within each element:

P =3 0iNi(z, 2) (4.4.27)

1=1

where ¢; is an unknown nodal potential and N;(x, z) is a interpolation function

i =1,2,3, with
€L e e _ €L e e €€ e e
by = 2§ — 25 by = 2§ — 27 by = 2{ — 25
1 = 1§ — 5 Co = x] — x5 c3 = x5 — @

A is the area of the triangle element,

a1+a2+a3

A:
2

Note that the nodal numbering sequence must be counter-clock-wise (see Figure 5.1) to
ensure that the area of the triangle is positive.
In matrix form,

©1
SDD: Ni Ny N3 ©2 :N{S@} (4-4-29)

©3
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therefore,

90”5 D" o
(VPP = (P + (Gt = | 22 22 || 2 (1.4:30)
0z

Let us define

apP oNy  oN, oNg | | P!
oz _ oz oz oz ©s :B@

dpP ON1  ONa ON3
0z 0z 0z 0z
¥3
From 4.4.27 we can calculate B to obtain
B RN by by b3
24 Ci1 Cy C3
On the imaginary boundary = = z¢,
Opt optt = & o cosh [k, (2 4+ h)]
S ik, e tkntc 4.4.31
on ox nz::ou Hin€ cosh k,,h ( )
and ; ,
Op' _ O0p' _ —gAky sikozc cosh [ko(z + h)] (4.4.32)
on Ox w cosh(koh)
Next, we evaluate the integrals one by one.
1) L

For an element V¢,
L (e?rave = {o)" [ BTBav (g} = (g} (K" {¢)

where [K;]? is the element stiffness matrix

b,’bj + CiCj

[Kl]zejl = 4\

After assemblage and redefining {goAD} as the global nodal potential vector, we get

1

L= {et} ) {oP)

2) I
We employ two-node linear truss element and carry out the integrations under the
local coordinate system. When mapping from global nodes to local nodes, we must

ensure the boundary normal points towards the right-hand side when viewing into the

38



¢,

J

Figure 4.7: Local coordinate system for truss element

y-axis as we go from x; to x9. In our example, we should integrate from node 2 to node

1 in Figure 4.7.

r— X Lo — T r— X
0=+ (o2 — 1) = 21 + L0y = h1p1 + haws
To — I T9g — X1 Ty — I

In matrix form,
Y1
P2

For an element with one face on the free surface, say z = 0,

w2 R T2 (U2 N N e ~
/Sez _§¢D2dsel ={¢}" /ml _?HTHdm {2} = {2} (K" {2}

where [K2]el is the element stiffness matrix. In the local coordinate system,

—H{p) (4.4.33)

fet=| m hz}{

z w2 11
[Ka]" = —— | 2 % | (x2—x1)
9 1% 3

After assemblage and using the global ¢, we can get

1 ¢ ~2T A
_ > {,p D
= ) I )
3) I3
We integrate from —h to 0 on the imaginary boundary = = x¢ so that the right-hand

rule is obeyed.

0 N : cosh [k, (z + h)] cosh [k, (z + h)]
- d — / d m —tkmzc nikne —zknmc n
c(p on S —h - Z e cosh k,,h HZON cosh k,h

m=0

an,um,un —tkmzc o—iknzc (0 Wk ) - -
= ZZ cosh(k,,h) cosh(k,h) /_hCOS [k (2 + h)] cosh [k, (2 + h)] dz

Zkf Cn 2 —2zknmc
nZ:O cosh2(k:nh)

m=0n=0
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where use has been made of the orthogonality of the eigen functions and

0
C, = / cosh [k, (z + h)] cosh [k, (2 + h)] dz = %(qn + % sinh 2¢,,) (4.4.34)

—h

with ¢, = k,h. If we define an unknown column coefficient vector

T
{ﬂ}:{,uo M1 0 BN

then the integral can be written in matrix form
oph
~R AT ~
—dS = K.
" —as = {ay" 155 (i}
where K3 is a diagonal and

’lk’n Cne—%knmc

(K], = m
where
Jj=n+1
Therefore
Iy =5 (" 155) (4}
4) I

We still use local coordinate system as in 2) but replace z with z. Therefore,

20—2 z—z1
zZ2—21 z22—Z21

H-— [ b hy } _ (4.4.35)

Keep it in mind that the mirror from global nodes to local ones must be correct.

opr
D dc«el
ca ¥ on
22 N 0 cosh [k, (z + h)]
= dzH {¢ niky e~ knrc =
/zl - {@}nzzjo,u Hin€ cosh k, h
= {4} [ d:HT™M i}
Z1

T el [~
= {o} (K" {a}
where [K4]? is element stiffness matrix and M is a row vector with

cosh [k, (z + h)]

M, 1 = ikye”"nee
+1 n
cosh k, h
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Therefore

[K4]il,n+1
e C ienwe COSh [k (2 4 h)]

/Z1 dz hyik,e cosh e T
iehure 1 {cosh [kn (22 + h)] — cosh [kn(z1 + h)]} — sinh [k, (2 + R)]
= b 5l =) cosh [k, (22 cosh |k, (1 s (21
[K4];l,n+1

cosh [k, (z + h)]
cosh k, h

z2 .
_ / dz haik, e~ hnrc
21

ie—iknwc

= odih {cosh [k, (22 + h)] — cosh [k, (21 + h)]}}

{sinh (e + )] = sy

After assemblage, we get

5) I

Integrate from —h to 0, we get

optt 0 —igAcosh[ko(z+h)] . N cosh [k, (z + h)]
I_dS — / d tkoxc " kn tknxc n
/c 7 “on 2T cosh(koh) ‘ 2 tnikine cosh k, h
—igAiky  Copo
w  cosh?(koh)

n=0

ikoxc e—ik:()xc

(4.4.36)

where Cj is defined in (5.3.7). Use has been made of the orthogonality of the eigen

functions in z. Therefore

Iy = [Ks5]{i}
where [K5] is a row vector with the first component being non-zero
gAk’QC()
[Ks)y = —— 5~~~
w cosh®(koh)

6) Is

We use the same local coordinate system as in 4), i.e.

H:[hl hz}:[ﬂ —_1} (4.4.37)

zZ2—21 22—Z21

41



Therefore,

p O’
cel ('0 on

gAk:o cosh [ko(z + h)]
cosh(koh)
Ak: cosh [ko(z + h)]
. d HT —g 0 ikoxo
? / N cosh(koh) ‘

zkoxc

ELA ToL / d-H {p) 9280

= {2} [K]"

where [Kﬁ]el is element stiffness matrix and note that we must mirror in the correct way.

It follows that

[Kﬁ el

—gAkg cosh [ko(z + h)] 4
— [Tz thove
/ e, cosh(koh) ‘

_ —gAetre 1 '
~ wecosh koh {ko(ZQ —21) {cosh [ko(z2 + h)] — cosh [ko(z1 + h)]} — sinh [ko(z1 + h)]}

[KG El

B —gAkg cosh [k‘o(z + h)] ikorc
/ dz hy W cosh(koh) ‘

ikoxco

—gAe

Ty {cosh [ko(22 + h)] — cosh [ko(21 + h)]}}

{sinh [kio(22 + )] —

ko(zo — 21)
After assemblage,

Io=—{¢P} [K0)

and [Kg) is a column vector.

In summary, the stationary functional for the reflected plane waves is

Flerhn) = S {eP) 1D (P} + 1 {2} 1l {P) + 5 i 1] )
PV K () + K6 {) — {P) (5] (4.4.38)

By Rayleigh-Ritz principle the first derivative with respect to unknowns ¢; and p;

vanishes. Therefore

(K1) {@P} + [Ka] {P} — [Ka] {1} = [Kq] (4.4.39)

[Ka) {i} = (K" {P} = = [K5]" (4.4.40)
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Equation (4.4.40) gives

~

(i} = [K3) 7 ()" { P} = [K5)") (4.4.41)
When it is substituted into (4.4.39), we get
(1K) + [Ka) = [K] [Ks] 7 KT} {@P} = [Ke) = (K] [Ks] 7 [K5]T (4.4.42)

Thus {apAD} is obtained. Replacing {apAD} into (4.4.41) we get {ii}. Afterwards the

reflected wave potential is known in both the finite element and the super element.

4.5 Gate dynamics

With the radiation potentials known for unit displacement amplitudes, we can calculate
the hydrodynamic forces on the gate. From the dynamical equations of gates, the
angular displacements can then be found. These matters are discussed in the following

chapters.
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Chapter 5
Validation for vertical gates

For demonstration and validation of our 2- and 3-D numerical schemes, we consider first
a barrier made of vertical gates. As reported by Adamo and Mei(2003), the radiation
problem on the sea side can be solved analytically by eigenfunction expansions. On
the lagoon side analytical solution can be solved by using Green’s function. These
results provide benchmarks for checking the correctness and accuracy of the numerical
computations by scheme of HFEM. Due to the simple geometry, application of the
hybrid element scheme is also relatively simple. On the lagoon side, it is only necessary

to choose C' large enough to enclose one gate.

5.1 2- D diffraction

We first use the standing-wave solution near a vertical wall as a check for the 2-D
numerical solution. The analytical solution for the diffraction potential (incident and

reflected wave potentials) in front of the wall is

—2igA cosh [ko(z + h)]
b= 1.1
w cosh(koh) cos(hoz) (5:.1.1)

To compare with the analytical solution, we develop the hybrid-finite-element scheme
with the element mesh shown in Figure 5.1.
The numerical results are compared with the analytical solution (5.1.1) in Table 5.1

for the velocity potential on the first 20 nodes of our mesh. The agreement is excellent.
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Figure 5.1: 2-D Finite element mesh for the diffraction problem

5.2 Dynamics of individual gates

We must now solve the radiation problems due to the motion of gates.
Consider a typical gates of width of B executing rotational oscillations with angular
displacement

Ot) = ve ™" (5.2.2)

Conservation of angular momentum gives

[0, +CO = —p//s(o) (P + & — &) (= + h)dS (5.2.3)
B
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Figure 5.2: Coordinate system on the gate

where ®* is the spatial factors of the total potential on one side of the gate, I is the

mass moment of inertia about the bottom hinge at O (see Figure 5.2)

I= ///V p(z® + (2 + h)*)dV; (5.2.4)

and C' is the total restoring torque due to buoyancy and weight of the gate
C=pg(It +1V) = Mg(z¢ — Z20) (5.2.5)

with
A v (0032 vV _ ~(0)
[m—//sg))(x XW)dzx, I —///V(O)(z Z7)dxdz
For the vertical gate of rectangular cross section hinged on the bottom,

2 /B

C = pgg lhz +3 (5) ] — Mg(z°+ h) (5.2.6)

where B is the width of the gate.

46



_2a ot
B=<4 25 A=A X
2a I\LIZ /X =

)

Figure 5.3: Schematic geometry for N vertical gates

5.3 Radiation problems and hydrodynamic torques

5.3.1 Sea side

For vertical gates let us first get the analytical solution.
In the global coordinate system, we denote by L the horizontal displacement of the
gate,

L= (z4h)d(y)e “s (5.3.1)
where  is the unit vector in the x direction. In this definition counter-clockwise rotation
is positive when viewed from y ~ oo, i.e., towards the = — z plane along the negative
direction of y. Therefore ¥ > 0 as the gate inclines towards the lagoon. Matching the

normal velocities of the gate and of the adjacent fluid, we get

% = —iw(z+ h)d(y)e ™" at x =0 (5.3.2)
After substituting (3.2.14) into (5.3.2) we get
>N Appun cos - cosh [kn(z + h)] = w(z + h)I(y) (5.3.3)

m=0n=0
By orthogonality we can derive the expression for A,,,
men

Cnamn

(5.3.4)

A = w
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where

_ m [? mmy
b = 5 /_ 0y) cos(“ Y dy (5.3.5)
with
=1, e, =2 m=1,23,... (5.3.6)
being the Jacobi symbol,
0 1 1 .
C, = /h cosh|k,(z 4+ h)] coshlk,(z + h)]dz = ﬁ(% + 5 sinh 2¢,,) (5.3.7)
0 1 '
D, = /_h(z + h) coshlk,(z + h)]dz = k—%(qn sinh ¢, — cosh g, + 1) (5.3.8)

and g, = k,h.
Finally the radiation potential on the sea side is

o =w Z bmcosmgy Z Dn
m=0

n=0 Cnamn

e~ *mn® cosh [k, (2 + h)] (5.3.9)

With N gates across the channel, we use different numbers to distinguish the gates,
counting from center to the bank as shown in Figure 5.3. A vector can be defined to
describe the unknown amplitude of the N gates

. T
D=16, 9y - 0; - Uy (5.3.10)

where 9, represents the angular displacement amplitude of the jth gate. Therefore on

the sea side, J(y) in (5.3.1) becomes

1917 yGle(—a>—a+B)
Yo, yeYs=(—a+ B, —a+2B)

Iy) = E 3.
) v;, yeY;=(—a+(j—1)B, —a+jB) (5311

Iy, yEYN:(—a—l—(N—l)B,a)

where B = 3¢ is the width of one gate. Substituting this into (5.3.5), we get

—a+B —a+2B a
b, = m [/ V1 cos(mﬂy)dy + / Vs cos(mﬁy)dy NN Iy cos(mﬁy)dy
2a | J-a a —a+B a —a+(N-1)B a
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It follows that

1 2a 1
by = %N(ﬁ1+192+---+191v) = N(ﬁ1+192+---+191v)
and
Y . (2= N)mm Yo | . (4= N)mm . (2=N)mm
by, = p— sin( N ) p— sin( N ) — sin( N )
v; | . (2j— N)mm . (2(j—1)= N)mr Iy . (N —=2)mm
+m7r sin( N ) — sin( N )|+ o sin( N
for m # 0.
From (5.3.9), the potential ®~ can be written as
O = (o) + oy + -+ V05 + -+ Indy)e (5.3.12)
where
— - tkna h
?; w {N nz;; anne cosh [k, (z + h)]
> 1 (2j — N)mm . (2(j—1)= N)mr mmy
+ mZZI o lsm( N ) — sin( N )| cos ”

e~ "% cosh [k, (2 + h)]}

n=0 Cnamn

is the radiation potential due to the motion of the jth gate, when all others are stationary.
In order to express the right-hand side of (5.2.3) more explicitly, we define the excitation

on pth gate due to the unit amplitude motion of the jth gate,

0
Fyy=iwp [ dy [ [o7] _ (= +h)dz (5.3.13)
B
Therefore
2 & 0
n=0

It is easy to see that F,, = F}.
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Since the diffraction potential (sum of incident and reflected wave potentials) on the

sea side is
—igAcosh [ko(z + h)], _, : . —2igA cosh [ko(z + h)] »
(I)D — tg ikox ikox wt k iwt
w cosh(koh) (e e w cosh(koh) cos(koz)e
(5.3.14)
The excitation force on j-th (stationary) gate is simply
, 0 2pgADy 2a
FP = dy [ [o” h)dz = —PIZ20 24 3.1
;TP A Y [(b L‘—O (24 h)dz cosh(koh) N (5:3.15)

5.3.2 The lagoon side

On the lagoon side, the radiation potential can be obtained by the Hybrid Finite Element
Method. Recall that in examining the effect of each gate, all other gates are assumed
to be stationary. Since the problem is in the half plane and all gates are situated on the
same vertical plane, the radiation potential due to the motion of any single gate takes on
the same form, except for a shift of origin. It is therefore only necessary to consider any
one of the gates, say, the j-th gate. The near field, defined by the semi-circular cylinder
bounded by C and centered at the center of gate j, is discretized by finite elements.
In the super-element outside C', the potential is expressed by the series expansion. We
apply the numerical scheme in Section 3.3, where the coordinate system is local. In this

local coordinate system, the horizontal displacement of the gate can be expressed as
L= (z4h)d(y)e “a

where Z is the unit vector in x direction. Note that ¥ > 0 if the gate rotates towards

lagoon. Then the horizontal velocity of the gate is
L= —iw(z + h)d(y)ie ™

Since the normal 77 on the gate surface points outward from the fluid as shown in the
figure, matching gate velocity and adjacent fluid for unit angular-displacement amplitude
of the gate motion gives the boundary condition on the moving gate

oot
% = —iw(z+ h)z - (—2) =iw(z+ h), on gate j only (5.3.16)
n

which is to be used in (4.3.15) to calculate K5. From the numerical solution by the

Hybrid Finite Element Method, the radiation potential qbé- is found.
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Let us define FPJ; to be the exciting force on p-th gate due to the unit amplitude
motion of the j-th gate. Then

Ff = —jw SR ar [’ (6/] (z+ h)dz (5.3.17)
pJ p W_% _p L7 10=0 or 0=n o
where use is made of ®7 = ¢je ™. For p = j, the integral above is carried out

numerically.

+1 41
Ff = —ipw 3 / ¢ (2 + h)dSE = —ipw Y / / (z + h)Hodet(J )L:l dnd¢

eleSp eleSp

For p # j, we make use of the series expansion (3.3.18) for the super element. Therefore

2 ”a+N/ {Z Z cosh [k, (z + h)] Hg(ir)b(k‘nr)
2li—pla Hnn cosh(k h)  HY (kere)

m=0n=0

ES = —iwp Hz + h)drdz

2|j—pla
Homn TN H2m(kn/r) 0
p— —_— Aom\hnl ) h
00 2 3 o iy ey Lyl

m=0 n=0
D 2‘J'*P‘a+i
= —iwp Z Z Hmnn /2‘3.7:& N Hé,lg(k;nr)dr
=0 1=h cosh(kph)HEY (kre) J250e

Recall that the local coordinates are used here. It is evident again that FPJ; = F;,
Now the gate dynamics.

In matrix form, the dynamic equations of the N gates are
—w?T) + CY = F 0 + FH) + FP (5.3.18)

where I and C are diagonal. F* and F are symmetric and their components are defined
above with F? being a known vector.

We test the HFEM code for a vertical gate with the overall dimensions similar
to those of the Malamocco gate. The height is reduced to 20m (about height of
prototype gate) and the thickness is kept at 4.5m. The mass center X, is 10m above
the sea bottom. For the dry weight the gate walls are estimated as 3cm thick steel
plate with density being 7700kg - m=3.). The calculated parameters are as follows:
moment of inertia I = 33.337e6 kg - m?, weight W = 2619kN, buoyancy restoring
torque C' = 60.246¢6 kg-m?-s2, gate width B = 20m, water depth h = 14.0m, density
of water p = 1000kg - m~=3, gravity g = 9.8m - 572
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Figure 5.4: Simplified Malamocco flapgate

As an extra check, we have modified the HFEM method by using a rectangular box
for the imaginary boundary C', and compare the nodal potentials from the semi-circular
imaginary boundary C. Referring to Figure 5.4 and Figure 5.5, the potential values at
13 nodes along the center line of the gate are compared in Table 5.2. The agreement is
excellent.

For later application of HFEM to inclined gates, we test the numerical scheme by
applying finite elements in front of 5 vertical gates on sea side. In Table 5.3 the hydro-
dynamic forces F; from the analytical solution (5.3.14) are compared with those from
numerical computations. The complex values in the table are expressed in the form of
modulus x 107 kg - m? - s72 and angle /phase angle. The agreement is excellent.

Next we apply HFEM for 20 vertical gates by using a rectangular imaginary boundary
on the lagoon side, and complete the scattering/radiation problem for normally incident
waves for a wide range of periods. After accounting for the gate dynamics, the computed
maximum gate amplitudes vs. periods are plotted in Figure 5.6. For comparison, the
analytical theory by Adamo & Mei (2003) in Report IV are marked in circles. The
agreement is also excellent except in certain peak amplitudes. This is likely due to the

coarse increments in period in the analytical computation. Finally the computational
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Figure 5.7: Maximum gate amplitudes for a wide range of incident wave periods. The

total number of gates is 20.

accuracy is checked by computing the error defined by the difference in energy input

and output as derived in Chapter 5,

Ez' - Eou
error = |T|t| (5.3.19)

The error is shown in Figure 5.7, showing good accuracy.
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Node number Numerical Analytical
1 -0.0016 -56.57581 | -56.58061
2 -0.0016 -55.9094i | -55.91391
3 -0.0015 -55.2947i | -55.2991i
4 -0.0015 -54.7313i | -54.73551
5 -0.0015 -54.2186i | -54.2227i
6 -0.0015 -53.7561i | -53.7601i
7 -0.0015 -53.3434i | -53.3473i
8 -0.0015 -52.9802i | -52.9840i
9 -0.0015 -52.6661i | -52.6699i
10 -0.0015 -52.40071 | -52.40451
11 -0.0015 -52.1840i | -52.1878i
12 -0.0015 -52.01561 | -52.0194i
13 -0.0014 -51.89551 | -51.8992i
14 -0.0014 -51.8234i | -51.8271i
15 -0.0014 -51.7994i | -51.8031i
16 -0.0016 -56.54961 | -56.5544i
17 -0.0016 -55.8835i | -55.8880i
18 -0.0015 -55.2691i | -55.27351
19 -0.0015 -54.7059i | -54.7101i
20 -0.0015 -54.1934i | -54.1975i

o7

Table 5.1: Comparison of nodal potentials for sea side diffraction




Table 5.2: Comparison of nodal potentials for two types of imaginary boundary and

mesh scheme

Node number

Semi-circular C

Rectangular C

-25.6121 4-45.83371

-25.8621 +46.3792i

-25.2623 +44.79861

-25.5089 +45.29381

-24.9443 +42.59151

-25.1879 +43.69281

-24.6579 +40.19521

-24.8986 +41.80851

-24.4026 +38.24691

-24.6408 +39.73281

-24.1780 +36.15681

-24.4140 +37.56151

-23.9840 +34.10911

-24.2181 +35.36211

-23.8202 +32.10031

-24.0528 +33.20301

O 0 [ N | | O k=W |IN |+

-23.6865 +30.21011

-23.9177 +31.15551

—_
e}

-23.5827 4-28.50431

-23.8129 +29.28961

—_
—_

-23.5086 +27.07601

-23.7381 +27.7120i

—_
[\

-23.4642 4-26.03291

-23.6933 +26.52481

—_
w

-23.4494 425.59491

-23.6783 +25.99871

o8




] — 1 2 3 4 )

( mag. : phase® mag. : phase® mag. : phase® mag. : phase® mag. : phase®
1 anal. | 8.9142:7.1733 | 4.1764 :15.4579 | 1.3472 :124.2858 | 4.9018 :166.8744 | 7.1987 :171.1047
1 num. | 89098 :7.1774 | 4.1769 :15.4570 | 1.3472 :124.2809 | 4.9003 :166.8694 | 7.1963 :171.1011
2 anal. | 4.1764 :15.4579 | 4.2100 :15.3313 | 1.1132 :89.4604 | 3.2913 :160.2323 | 4.9018 :166.8744
2 num. | 4.1769 :15.4570 | 4.2053 :15.3499 | 1.1133 :89.3579 | 3.2904 :160.2252 | 4.9003 :166.8694
3 anal. | 1.3472 :124.2858 | 1.1132 :89.4604 | 2.0503 :32.880 | 1.1132 :89.4604 | 1.3472 :124.2858
3num. | 1.3472 :124.2809 | 1.1133 :89.3579 | 2.0470 :32.9444 | 1.1133 :89.3579 | 1.3472 :124.2809
4 anal. | 4.9018 :166.8744 | 3.2913 :160.2323 | 1.1132 :89.464 | 4.2100 :15.3313 | 4.1764 :15.4579
4 num. | 4.9003 :166.8694 | 3.2904 :160.2252 | 1.1133 :89.3579 | 4.2053 :15.3499 | 4.1769 :15.4570
5 anal. | 7.1987 :171.1047 | 4.9018 :166.8744 | 1.3472 :124.2858 | 4.1764 :15.4579 | 8.9142 :7.1733
5 num. | 7.1963 :171.1011 | 4.9003 :166.8694 | 1.3472 :124.2809 | 4.1769 :15.4570 | 8.9098 :7.1774

Table 5.3: Comparison of numerical and analytical solutions for hydrodynamic torque

Fj.

(Torque on the sea side of gate j due to unit motion of gate 7. )
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Chapter 6

Inclined gates

Venice storm gates are designed to operate at the equilibrium inclination of 45° ~
50° from the horizon. To solve the diffraction problem when the gates are stationary,
two dimensional finite elements are distributed near the gates on the sea side. For
the radiation potentials, three dimensional finite elements are needed on both the sea
side and the lagoon side. To reduce computations we take advantage of symmetry for
normally incident waves. Only one half of the fluid domain needs to be considered. The
finite element domains cover half of the gates in a barrier.

We first discuss the simulation of the 1/30 model of seven gates (two half gates and
five full gates) spanning half the inlet. Numerical results for 20 gates spanning Chioggia
inlet will be presented.

For the 2-D diffraction potential on the sea side, the finite element mesh is shown in
Figure 6.

For the inclined gates, there is no analytical solution. However, the magnitude of
the reflection coefficient is expected to be unity. In other words the potential amplitude
of the reflected wave in the far field is expected to be the same as that of the incident
waves. Recalling (4.4.25), the first mode corresponds the reflected wave (other modes
are evanescent). Therefore we can compare the coefficient py with ¢g/w from the incident
wave. As an example, we use incident period 7" = 5.5s. Therefore g/w = 8.5785 and
we obtain from our numerical method py = —8.4869 — 1.2497:i. The absolute value is
|po| = 8.5785 which agrees with the analytical result.

By numerical integration of the pressure on the gate surface, the diffraction torque
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Figure 6.1: Finite element mesh on the sea side of an inclined gate.

is found.
For the 3D radiation problems due to unit motion of one gate, finite elements on the
sea side are distributed in front of all gates, as shown in Figure 6.2.

On the lagoon side, the finite elements will be displayed later.

6.1 Comparison with measurements for a 1/30 model

Ing. Alberto Venuti, of Protecno has kindly provided us some information on the
Voltaborozzo experiments for a 1/30 model with five whole gates and two half gates
spanning one half of the inlet. The following gate data are cited in Table 6.1: In our
numerical simulations we use the immersed values in the table. From the geometry the
diagonal buoyancy torque C = C;; = C;; is calculated to be 93,000 kN-m. The depth
is h = 11 m on both side the gate.

Also we assume that the gates are so situated that at depth h = 11 m the water line
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Figure 6.2: Finite element mesh for sea side radiation

on the lagoon side coincides with the coastline.

We report below numerical simulations for 9 tests of regular waves : code named
Reg1002500—30 to Reg1302500—30. Listed in Table 6.2 are the maximum amplitude of
the gate rotation (in degrees) for the same (9) incident wave periods, all with the same
incident wave height of 2.5m and 0.0m water depth difference. All gates have essentially
the same phase, therefore there is no resonance.

With an equilibrium inclination of 42.5 degrees, we plot the maximum absolute oscil-
lations versus period curves in Figure 6.3. For comparison, the CVN data is reproduced
in Figure 6.4. The agreement is good.

For the 7 gates model configuration, we have also carried out a series of computations
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Absolute Oscillations
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Figure 6.3: Numerical results for maximum absolute oscillations
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Figure 6.4: Measured absolute oscillations by CVN for 1/30 model
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Immersed conditions | Dry conditions
Weight (kN) 2498.88 3103.65
X center of mass (m) 14.76 13.95
Y center of mass (m) -1.83 -1.8
Moment of inertia (kg m?) 85973400 85973400

Table 6.1: Characteristics of 1/30 model in Voltaborozzo experiments

Reg1772500-30 00 04 06 07 10 15 20 25 30
period (sec) 10.0 10.4 10.6 10.7 11.0 11.5 12.0 12.5 13.0
Ampl (degr..) | 5.1698 | 5.4624 | 5.6980 | 5.8221 | 6.2234 | 7.0276 | 8.3192 | 6.9134 | 7.1475
Max. (degr.) | 47.6698 | 47.9624 | 48.1980 | 48.3221 | 48.7234 | 49.5276 | 59.8192 | 49.4134 | 49.6475
Min. (degr.) | 37.3302 | 37.0376 | 36.8020 | 36.6766 | 36.2776 | 35.4724 | 34.1808 | 35.5866 | 35.3525

Table 6.2: Numerical results for the maximum amplitude of all gates.. Responses to

regular waves.

1772500-30, etc.

The test is identified in the top row according to CVN code: Reg-

for a wide range of incident wave periods from 9 seconds to 22 seconds. The response

curve of maximum amplitude (in radians) versus period is plotted in Figure 6.5. Within

this period range, three resonance peaks are found at 16.6 sec, 17.3 sec and 19.5 sec

respectively. The first peak with the lowest period (highest frequency) corresponds to

Mode 1 resonance in which the neighboring gates are in opposite phase and all gate

amplitudes are essentially equal. The complex amplitudes of the seven gates are listed

in Table 6.3 and the modal shape is shown in Figure 6.6. That the resonance period is

so much longer than the earlier designs (~ 12.5sec) may be explained by the new and

much larger gate dimensions and weight.

The corresponding error curve by energy conservation is plotted in Figure 6.7. The

maximum error is less than 0.25 percent, and is acceptable.
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Figure 6.5: Numerical results for maximum amplitude of the 7 gates on a range of period
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Gate 1 Gate 2 Gate 3 Gate 4
0.82740.0074i | -0.909+0.228i | 0.8240.0041i | -0.891+4-0.217i
Gate b Gate 6 Gate 7
0.793-0.0058i1 | -0.873+0.1971 | 0.70-0.0133i

Table 6.3: Complex amplitudes of seven gates in response to 16.6 sec. incident wave.

Gate 1 and gate 7 are half gates at the center and the edge of the inlet.

6.2 Response of a 20-gates barrier to regular inci-

dent waves

As the final example, we now apply our HFEM code for a 20-gates barriers with the
design dimensions of Chioggia Inlet, as specified in the 1/30 model of Volraborozzo. In
addition, the housing is included. The finite element meshes are shown in Figure 6.8 for
a side view of the center plane. The top view is shown in Figure 6.9. A three-dimensional
perspective is shown in Figure 6.10. Note that the design geometry of the gate and the
housing are included!.

Figure 6.11 shows the single frequency response of maximum gate amplitude for
incident waves of 2.5m wave height. The gates move in phase at the minor peak at
period 13 sec . At the second major peak of 16.8 sec, neighboring gates are in opposite
phases as can be inferred from the complex amplitudes listed in Table 6.4. As a further
proof we show in Figure 6.12 the gate positions. Note that not only are neighboring
gates in opposite phases. but the envelope has a minimum at the edge and at the center
of the inlet, and maximum at the quarter point of the inlet. This is precisely as predicted
in Figure 9, p. 14. Report Part III July 10, 2003!!!

The energy error of these computations are shown in Figure 6.13, and is quite ac-
ceptable.

With the potentials and gate displacements found, other design information such as

the total torque on each gate can be calculated.

1Using Matlab the reader can view the grids at any angle.
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Figure 6.7: Error defined by energy conservation for the 7-gates model.

Gate 1 Gate 2 Gate 3 Gate 4 Gate 5
-0.0215 + 0.1104i | -0.1193 + 0.1243i | 0.0729 + 0.1000i | -0.1893 + 0.1364i | 0.1284 + 0.0944i
Gate 6 Gate 7 Gate 8 Gate 9 Gate 10
-0.2123 + 0.1391i | 0.1231 4 0.0914i | -0.1829 + 0.1273i | 0.0530 + 0.0886i | -0.1351 + 0.1060i

Table 6.4: Complex amplitudes of 10 gates (one half of Chioggia Inlet barrier) in response

to incident wave of period =16.8 sec.
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Figure 6.8: Finite element mesh for lagoon side radiation— perspective from the center
plane along the x-axis. Mesh lines in vertical planes parallel to the centerplanes are also

seeln.
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Figure 6.9: Finite element mesh for lagoon side radiation-the top view.
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Figure 6.10: Finite element mesh for lagoon side radiation—the 3-D perspective
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Figure 6.11: Single-frequency response of the 20-gates barrier to regular incident wave.
Maximum gate amplitude is in radians. The peak at 16.8 sec corresponds to out-of-phase

resonance of Mode N 2. the peak at 13 sec show in- phase motion only.
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Figure 6.12: Modal shape of the 20-gates in response to 16.8 sec incident wave. Only

one half of the symmetric inlet (10 gates) is shown.
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Figure 6.13: Error defined by energy conservation for the 20-gates barrier.
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Chapter 7
Concluding remarks

For the linear response of multi-gates barrier spanning an inlet with jetties only on the
seaside, both the theory and computer codes are now fully developed for inclined gates
with the complex gate geometry fully accounted for. Details are recorded in the manual.
The mathematical tool developed here can now be used to adjust the dimensions, the
inclination and the water depths, in order to minimize the danger of resonance.

To ensure greater safety in future operations, further study of gate response to ran-
dom incident waves with proper account of subharmonic resonance is important and is

proposed.
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Appendix A

Energy conservation

A.1 Energy fluxes

Physically the incident wave energy on the sea side must be equal to the radiated wave
energy outflux on both sides. This identity can be derived by Green’s theorem, as shown
in Adamo & Mei (2003) for vertical gates, and will not be repeated here.

We first write down the energy fluxes in terms of the far-field solutions, and evaluate
the fluxes for vertical and inclined gates separately.

Using the global coordinate system defined in the Figure A.1, we express the total

potential ® as
O(z,y, 2,t) = Re{p(z,y,2)e ™"} (A.1.1)

The dynamical pressure is
p=—p®; = Re{ipwpe ™"}

Consider first the energy influx across a straight cross section in the far field of the

channel side x = X,

a 0 a 0 a 0 1
L, = / / pu dy dz = / / pu dy dz = / / —Re{ipwpes} dy dz
0 J-hn 0 J-h 0 J-h?2

In the far field of the lagoon, the energy outflux across the circular cylinder r = R is

us 0 s 0 1
Eout :/2 / puRalgodz:/2 / —Re{ipwpe:}Rdodz
-z J-h ~zJn 2
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Figure A.1: Relation between local and global coordinate system

Equating the two fluxes, the identity of energy conservation(which can be derived by

Green’s theorem), reads

Ein = Eput = {/0 /_Oh Im{pp,} dy dZ}x:X = {/_5_ /_Oh Im{wi}RdadZ}

For late checks of numerical accuracy we define the energy error as

r=R

Ei _Eou
Eerror = W (A12)

We now express the energy fluxes in terms of the gate displacement amplitudes. It

is convenient to treat the vertical and inclined gates separately.

A.2 Vertical gates
A.2.1 Sea side
On the sea side at © = X ~ —o0,
=0+ "+ ="+ ¢;9;
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where P is the diffraction potential due to incident and reflected wave as in (5.3.14)

—2ig cosh [ko(z + h)]
D _
= — cosh(kol) cos(kox) (A.2.3)

with unit incident wave amplitude A = 1. Normalized for unit rotation amplitude, ¢;
is the radiation potential due to the oscillation of jth gate, as in (5.3.13). By retaining

only the propagating mode for large X, we get for the radiated waves due the motion

of gate 7,
— w DO —ikox
¢;  ~ N Coke cosh [ko(z + h)] e” "
M wDy . (2= N)mr .20 —1) = N)ymn
+ mzzjl G [sm(—N ) — sin( N )

cos m;ry cosh [ko(z + h)] e~*mo? (A.2.4)

where
mm
amo = (/K — (7)2

and M is the maximum m for real a,,g.

007 D
O T st oz 4 B e

ox N CO
N Z —iwDy [ (2] —]if\f)mw) —sin((2(j —1)— N)mm

7TC() N )
Y cosh [ko(2 + h)] e "mo®

m=

COS

Therefore, the total potential is

al w D —ikox
cos(kox) + Z v, {N Gk cosh [ko(z 4+ h)] e

(25 — N)mﬂ) B Sm((Q(j —1) = N)mnm
N N

—2ig cosh [ko(z + h)]
7 w cosh(koh)

T

m=1

)

sin
meoamo [ (

7Y cosh [ko(z + h)] e‘mmox}

COS
a

and the complex conjugate of the total velocity is

. —2igkocosh [ko(z + h)] N { w Do ikoz
ot = > cosh (ol sin(kox) + 92:31 U] NG, cosh [ko(z 4+ h)] e
M iw Dy . (2] - N)mﬂ- : (2(] — 1) B N)mﬂ- mny 10T
+ Z mWCO N ) — sin( N )] cos — cosh [ko(z + h)] e }
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Defining the following real parameters from brevity

_ . ~2 bo — wDy b (p) =
ao_wcosh(koh)’ O NCoko’ m\P) =

wDy . (2j = N)mrm . 2(—-1)—=N)mnr
G [sm( N ) — sin( N )1 ,

then

N
po.” = cosh® [ko(z + h)] {Z%COS kox) + Z [ "’“+Zb ) cos ;ye‘”mﬂ]}

q=1 m=1

N
{ikoao sin(koz) + Y _ V) [ikoboeikom + Z b (@) it cOs — - mmy Zamom] }

The energy influx is

a 0 N |
/ / Im{(p(px*} dy dz = QCOCLI’TTL {Zao CcoSs ]{;Ogj Z (ikoboezkox)}
—aJ—h 2
N
+ 2ChaZm « ikgag sin(kox) Z ( —zkox)

N N
+ 2CoaZm< > > 19, ﬁ*zkobz}

p=1g¢=1

N N M o
+ COIm {Z Z Z Z p)bm(Q)iO‘mO/ COS2 @dy}
p=1q=1

N
+ 200akob(2)R6 {Z Z ﬁp'ﬁZ}

p=1lgq

Il
—

+ CoaRe{ZZﬁ ﬁ*Zb amo}

p=1qg=1
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Some terms have disappeared due to either the orthogonality of cos “ or being purely

real. Use has been made of the general identities

TIm{A} = —TIm{A*}; (AB)" = A*B’

A.2.2 Lagoon side

On the lagoon side, there are only radiated waves,

=9 =) ¢V,

where gbj is the radiation potential due to the rotation of j-th gate at unit amplitude, as
in (3.3.16). Referring to figure (A.1), we now employ the local coordinate system, whose
origin is located at the center of the jth gate, and has the global coordinate (0,Y},0).In
the far field (large R), we exclude evanescent modes corresponding to imaginary k, =
tkp,n=1,2, ..

> cosh [ko(z + h)] HS! (kor])

Z O coshi(koh)  HWY (ko)

cos 2mo; (A.2.5)

In the far field, yTJ < 1, we have the approximate relation between local and global

coordinates up to the first order:

Y; Y,
r; = \/r2+Y;-2—27"Yjsina:r<1—7jsina+...); of za—%cosa—i-...

where use has been made of the laws of cosines and sines. By Taylor expansion,
Y, Y,
cos 2moj = cos {Qm <a — — oS0 + ﬂ = cos 2mo + 2m—=sin 2mo cos o + ...

T T

Making use of the asymptotic form of Hankel functions for large argument

HWY (z) ~ \/ie"[x_(’”r%)
T™r
it follows that
[ 2 Ty ; Y, | 1
H(l k i(kor—mm—T) —ikoy;sino o=, —
( O’T’j) 7'(‘]{,‘0’["6 1’e + , k‘()’f’
and,

+ 00
% _ Z Vmo cosh [kO(Z + h)] Zkf() [ 2 el i(kor— m7r——) —ikoYj sino cos 2mo + 19) < 1 i>‘|
o 1D Hz(i,z(korc) cosh(koh) \ whor kor \| kor
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. N N ¢+*
el = D) 0ty
p=1g¢=1 or

cosh? [ko(z + h)] iv: iv: 9 i om0 i Fmo
cosh?(koh) ==l qm 0 HQm(k:oTc) o HYY* (korc)

[ —2 ei(n—m)ﬂe—iko(Yp—Yq) sino
™

COS 2mo cos 2na]
,

The total energy outflux is

z 0
2 +, 4+ _
‘/_% /_hIm{QO Cr }RdUdZ - 7TCOSh2 k h ZZ Z Z

27/00 N N oo o VmOV;kL(ﬂg 19* i(n—m)m
p 1g=1m=0n= 0H2m(k0TC>H2n (1{307’0)

da { —iko(Yp=Ya)sino s 9ma cos 2n0} }

t\)|=|

(n—m)m

26, NN E vl
7 cosh?(koh) {pz::lqz:: z:: Z::Hgm(korc)Hzn “(korc)

/ do { —iko(Yp=Yq)sin o (. ,s 91 o cos 2na}}
-3

Finally, equating the energy fluxes gives the following identity

N

N N
200@]{50@0()01-77’1 {Z 193' } + 200@]{?0[?(2)726 {Z Z ﬁpﬁ:;}
p=1g=1

+ ChaRe {i\f: i 0 % bm(p)bm(q)amo}

_200 N N oo o VmOV;kL(ﬂg 19* i(n—m)m
= ———Re
m cosh® (koh) {;;g Z=: HS,) (kore) Hy)" (kore)
/W do { “ho(Yp=Ya)sino 66 9ma cos 2710’}} (A.2.6)
—3

which must be satisfied by the computed gate amplitudes ¥; for j = 1,..., N. Note that
this identity is expressed in terms of the global coordinates.
The identity (A.2.6) is the basis of the error defined later in (5.3.19) for checking the

numerical accuracy shown in figure 5.7.
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A.3 Inclined gates

On the sea side on the far field surface z = X ~ —oo,

N
o=+ Z ¢;V;
j=1

where o is the diffraction potential due to the sum of the prescribed incident wave

; —igcosh [ko(z + h)]

o A3.7
w  cosh(koh) ‘ ( )
and the unknown reflected wave as in (4.4.25)
h [k h)] _,
SOR = Lo cos [ O(Z + )] 6—2k0:c (A38)

cosh koh
Note that the evanescent modes are excluded for large X and the complex coefficient 1
must be found by the 2-D HFEM. On the other hand the normalized radiation potential
(;S;’ due to the unit motion of jth gate is given by (4.3.16). Keeping only the propagating

mode, we get

Mo mmy cosh [ko(z + )] _,
o= J —lamOT
¢; mz::o Himo €05 =5 cosh(koh)
where
mm
o = [ kg — (7)2
and M is the maximum m for real «,,9. Thus,
olon Mo i mmy cosh [ko(z +h)] _i, o
o 7nZ:O —m0Himo €05 cosh(koh)

Unlike vertical gates the coefficients p,,,0 must be found numerically by 3-D HFEM. We

can now calculate for x = X the total potential,

—ig cosh [ko(z + h)] cosh [ko(z + h)]

ikox +,U/ e—zkox

T cosh(koh) ’ cosh koh
al Mo mmy cosh [ko(z + h)] _;
’19 . J —1amOT
- jz::l ! {m:0 Hmp 08 a cosh(koh) © }

and

_ kog cosh [ko(z + h)]
Po = cosh(koh)

cosh [ko(z + h)]
cosh koh

w
N M . mmy cosh [ko(z + h)] |
IS o o
+ ]z::l ; {Z 10mo Himg €08 — cosh(koh) ‘ }

m=0

e—zkox + ,ék,olu(ﬂ;ezko:c
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Figure A.2: Global coordinate system on lagoon side

The total energy influx across x = X due to diffraction and radiation on the Adriatic

side is

a 0
/ / Im{pp,"} dy dz =
0 —h

+

Cy P
71- {k * 2ZIfO-'E + kaaZ —2ikox
coshz(koh) e et 0 e
Z 19 ]{Zoa 9 J* 22k0x 4 Z 19 ]{Zoa ,u e —2ikox

7j=1
g9 :
ikoaﬁ + iakopopy + Z ﬁ;iako,uo,uéo

=1
a
Z O;iakopis iy + Z Z UpU, Z ,Umoﬂmolamo—}
J=1 p=1q=1 =
Cy g°
0 7 ik k
coshz(k:oh) m{ ! Oa 5+ dakottoptg
‘ N N a

2(Im Z O5iakopiopigo ¢ + Z Z Z Nmoﬂmommo—

=1 p=1q=1 m=0 Em

Co 92
———Rel —k k 29%ak
cosh2(k:0h) { oa ; ta ofofty + 1231 a o,uoﬂoo

S i zumoumoamo—}

p=1g=1

Some terms have disappeared due to either the orthogonality of cos ™™ or being pure

real.

On the lagoon side, it is now more convenient to use only the global coordinate

system as shown in figure A.3. Therefore, the far field solution for potential due to
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the motion of one generic gate is the series expansion (3.3.18). We emphasize that for
different gate, the series coefficients v,,, are different. On the large semi-circle with
r = R, we exclude evanescent modes with imaginary k,(n = 1,2, ...). The potential due
to the oscillation of gate j is

< cosh[ko(z + h)] Hu(kor)
—.i_ = Vﬂn €0
7 = 2 Vo cosh(koh) Hg,z(k()TC)

m=0

cos 2mo (A.3.9)

Therefore,

- cosh [ko(z + k)] HY (kor)

= v ko cos 2mo
= cosh(koh) Hz(}v)b(k‘oTC) 0

Q

3

M8
%M

for gate j and

+ % SRR *a%*
¥ P = Zzﬁp%ﬁqﬁ

p=1q=1
cosh? [ko(z + h)] g: iv: i Vio i Vo
cosh? k’o p=1q= m=0 H (1{307’0) n=0 H (kOTC>

[Hm(kor) cos 2mo HSY' " (kor)ko cos 2na}

for all gates. The total energy outflux is
L kOCO N N o .
/ / Im{ptpt Y Rdodz = Tm { — 000 S S8 yp e
cosh”(koh) 2= 7=1 m=0

p 1
H2m(k07“)H2m (kor) /% (cos 2mo)? do
H(1 (korc)HQm (kore) /0

_ThGoR o ii S R, om(kor) o (o) (A.3.10)
2(308h2 ko h p=1g=1m=0 EmH2m(k0TC>H2m (kOTC)

For large argument, we replace the Hankel function by its asymptotic form

and

Therefore



[ . 2
HY (kor) = —i
wkor

and
e—i(kor—mﬂ—%)

Substituting these into (A.3.10), we get
L +
/ / Im{y* o+ }Rdodz
0o J-n
s — Vo Vmo Vs
— Jais Lk iD= L
=0 €m 1ty (kore) Hay, (Korc)
_ngo’/gfoﬂpﬁ; }

Cy i i i
——Re
h) - em H (koro) HY (korc)

1m=0

Finally, the energy conservation identity reads
2 N _ N N M a
m=0 €m

Co 9
————R k o — koa=— 20%ak 2
Co NN & —UpmoVmoVpVs
= cosh2(kih Reqd> > &) (1)*q
COoSs ( 0 ) p=1g=1m=0 EmH2m(k0rC')H2m (k‘()’f’c')

which must be satisfied by the numerically computed coefficients p,,, and amplitudes

¥,. This will be used for checking the correctness and accuracy of the numerical com-

putations by our 2-D and 3-D schemes of HFEM.
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